Steady two-dimensional free surface flow past a semi-infinite flat plate is considered. The vorticity in the flow is assumed to be constant. For large values of the Froude number F, an analytical relation between F, the vorticity parameter co and the steepness s of the waves in the far field is derived. In addition numerical solutions are calculated by a boundary integral equation method.
Introduction
Over the years important progress has been achieved in the computation of twodimensional nonlinear free-surface flows past surface piercing obstacles. Such flows are relevant to the modeling of a ship moving at a constant velocity on the free surface of a fluid. These flows are often studied by neglecting viscosity and by seeking steady solutions in a frame of reference moving with the obstacle. Interesting particular flows arise from assuming that the object is semi-infinite. They provide a local description of the flow near the stern or the bow of a very long ship. We refer to these flows as stern flows when there is a train of waves on the free surface and as bow flows when the free surface is waveless in the far field.
Vanden-Broeck and Tuck [13] , Vanden-Broeck, Schwartz and Tuck [12] and Vanden-Broeck [10] obtained semi-analytical solutions for the stern flow past a semiinfinite two-dimensional flat-bottomed body. They assumed that the flow rises up along the rear face of the body to a stagnation point at which separation occurs. Vanden-Broeck [9] described analytically and numerically another family of stern flows in which the flow separates at the corner of the body. Further studies involving waveless, time dependent and viscous solutions can be found in [3, 5, 8] and [14] . Dias and Vanden-Broeck [2] computed solutions for the bow flow past a semiinfinite two-dimensional flat-bottomed body. The free surface is waveless in the far field but there is a spray at the bow. The spray is modeled by a layer of water rising along the bow and falling back as a jet. Bow flows with surface tension were considered in [1] .
All the above calculations assume that the flow is irrotational. This is usually a very good assumption but vorticity can be generated near solid boundaries or on the free surface (for example by wind stress).
In this paper, we shall generalize the stern flow of Vanden-Broeck [9] for rotational flows. We assume that the vorticity is constant throughout the fluid. This assumption is convenient mathematically and justified when the lengthscale of the free surface variations is short compared to the lengthscale of the vorticity distribution. The fluid is assumed to be of infinite depth. Results in water of finite depth were obtained by McCue and Forbes [6] . Our results should provide a good approximation for flows in finite depth, when the wavelength of the waves generated is small compared to the depth. The problem is formulated in Section 2. In Section 3, we take advantage of the simplicity of the configuration to derive an exact relation between the amplitude of the waves in the far field and the main parameters of the flow. In Section 4, we compute nonlinear solutions by a numerical procedure involving an integro-differential equation coupled with Newton's iterations. The scheme is similar to the ones used in [9] and [11] . The numerical results are discussed in Section 5. We note that the results of this paper provide an example of a flow in which the waves discussed in [7] and [11] occur.
Formulation
In this section we formulate the problem of a steady two-dimensional inviscid flow past a semi-infinite flat-bottomed body (see Figure 1 ). The effect of surface tension is neglected and the flow is assumed to separate smoothly from the flat bottom. The flow is rotational and characterized by a constant vorticity £2. We introduce Cartesian coordinates with X = 0 at the edge of the plate. The level Y = 0 corresponds to the "undisturbed level of the free surface", that is, the level the free surface would have at X = oo if it reached a constant horizontal level. We denote by C the corresponding constant value of the velocity on the free surface. The draft H is defined as minus the ordinate of the edge of the plate.
The flow is described in terms of a stream function ty{X, Y) satisfying We make the variables dimensionless by referring them to the velocity scale C and to a length scale C 2 /(2g). Thus we define the dimensionless quantities
Here a> is the dimensionless vorticity.
The quantity w(z) = u -iv = rjf y + i\jr x is an analytic function of z = x + iy, where the fluid velocity vector is (M -coy + 1 , v). We apply Cauchy's integral formula to the function w(z) on a contour consisting of the free surface, the plate (that is, the surface just under the plate), a horizontal line at y = -oo and two vertical lines at x = ±oo. Since w(z) vanishes at y = -oo, there are no contributions from the lines at y = -oo and at x = ±oo and we have , .
1 /" u>(?) ,.
where z is on L. Here L denotes the free surface and the plate. The integral in (2.2) is a Cauchy principal value. We parameterize the free surface by x = x/(t), y = y/(t) and the plate by x = x p (t), y = y p (t) = y(0) where / is the arclength. We choose t = 0 at the edge of the plate. Then Taking the real part of (2.2), we obtain after some algebra and letting
when z is on the free surface and
when z is on the plate. On the free surface the kinematic condition and Bernoulli equation yield
Equation (2.7) expresses the fact that the pressure is constant on the free surface.
For given values of co and F, we seek the functions u f ,Vf,x'f, y' f and u p satisfying (2.3), (2.4M2.7).
Conservation of momentum
In this section, we show how to use the principle of conservation of momentum to derive an exact relation between the Froude number F, the vorticity parameter a> and the steepness s of the waves in the far field. For u> = 0, this relation reduces to the one derived by Vanden-Broeck [9] . For simplicity we assume that s is small so that the waves in the far field are described by linear theory. The validity of this assumption will be justified by the numerical calculations of Section 5.
The principle of conservation of momentum implies that P Here S is any closed simply connected contour inside the fluid region, V = (V x , V Y ) is the vector velocity, P is the pressure, p is the density and n is the exterior normal to the contour. We now choose S to consist of the plate S p , the free surface S F , a vertical line S F at X = +00, a horizontal line S H at Y = -0 0 and a vertical line S L at X = -00. Taking the component of (3.1) along the X-axis, we obtain [5] Stern waves with vorticity 325
Here n x is the component of n along the X-axis. It is convenient to replace the line S H by a horizontal line at Y = -d, where d is arbitrarily large. The integrals over S p and S H in (3.2) do not contribute since n x =0 and V(V • n) = 0. Along S F , V(V • n) = 0 and P = 0, so that the integration over S F gives -f
J-H
Here we chose S R such that y = 0 at the intersection of S R and S F .
As X -> oo, we assume a train of linear waves of amplitude a. Using linear theory (see for example [3] ), we write
The choice of S R implies that cos kX = 0 and sin kX = 1 along S R . Thus
(3.6)
To perform the integration over S R , we need an expression for the pressure P. For this purpose we consider the ^-component of the Euler equation
Differentiating (3.4) with respect to X and using cos kX = 0 implies that 3 V Y /dX = 0 along S R . Therefore integrating (3.7) with respect to Y along S R gives
where a is a constant of integration. Substituting (3.8) into (3.2), we get after neglecting terms of order exp(-2kd)
Here T is a constant which tends to C as <i -> oo. We obtain an equation for the pressure by substituting (3.9) into (3.7) and integrating with respect to Y. This gives We now derive an equation for P -a. We first note that the principle of conservation of mass implies
Evaluation of the integrals in (3.12) gives (3.13,
Next we write Bernoulli's equation at Y = -d (where d is arbitrary large) aŝ
We then combine (3.13) and (3.14) and obtain The dispersion relation of linear waves C 2 = (g -QC)/k (see [4] for example) can be rewritten as
We note that this dispersion relation implies that the linear waves considered here only exist for g < Q.C, that is, co < 0. In this section, a numerical scheme based on the integro-differential equation formulation derived in Section 2 is used to solve the problem in the fully nonlinear case. First, we define N mesh points on the free surface and A' mesh points on the plate by specifying values of the arclength parameter t = S, where S, = E(i -1). Here E is the interval of discretization. We shall also make use of the intermediate mesh points S,_, /2 = (5,_i + S,)/2. We now define 5N -\ corresponding fundamental unknown quantities *;.,-=*; (5,), y' ri =y' f (S,) (4.1) (i = 1,2 N) on the free surface and
on the plate. We estimate the values of Xj,,-= JC,(S,-), y,.,-= y/(Si) in terms of the fundamental unknowns by the trapezoidal rule, that is, x fA = 0, y fA = -2/F 2 and
where x' f (5,_i/ 2 ) and y' f (S,_i/ 2 ) are evaluated from x' f . and y' f i by a four-point interpolation formula. We satisfy (2.3), (2.6) and (2.7) at the mesh points S h i = 1,2, ...,N. This yields 3N nonlinear algebraic equations. Next we evaluate JC/(5,_I / 2 ), yf(Sj-\/ 2 ) by fourpoint interpolation formulas. We then satisfy (2.4) and (2.5) at the points / = S,_i /2 , i = 2, 3, . . . , N by applying the trapezoidal rule to (2.4) and (2.5) with a sum over the points s = Sj, j = 1,2,. .., N. The symmetry of the discretization and of the trapezoidal rule with respect to the singularity of the integrand at s = t enables us to evaluate the Cauchy principal value integrals by ignoring the singularity, with an use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100012542 We now have 5N -1 equations for the 5N -1 unknowns (4.1)-(4.2). This system is solved by Newton's method for given values of F and a>. We found that the truncation of the integrals in (2.4) and (2.5) at s = S N did not affect the accuracy of the results near the plate, provided S N was sufficiently large. The only noticeable effect of the truncation was a distortion of the free surface profile over the last few computed wavelengths in the far field. This distortion can be moved to larger and larger values of X by increasing S N . Furthermore we found that this distortion could be minimized by choosing S N such that y/, N = 0. Therefore the results presented in the next section are based on a modified version of the scheme described above in which we impose the extra equation
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100012542 [10] and add E to the list of unknowns. We then have a system of 5N nonlinear equations with 5N unknowns to be solved by Newton's method for given values of N, F and co. We note that in this version of the scheme, N is fixed and E is found as part of the solution to satisfy (4.4). There are of course an infinite number of points in the far field for which y = 0, each two successive points being separated by half a wavelength of the train of waves. The choice of the particular point at which (4.4) is satisfied depends on the initial guess and defines the point at which the free surface is truncated. A convenient choice for the initial guess for the modified scheme is a converged solution of the first scheme in which (4.4) is approximately satisfied.
Discussion of the results
The free surface profile contains a train of waves behind the plate. The highest point of the profile corresponds to the crest nearest the plate and the steepness of the waves decreases away from the plate and reaches a constant value after a few cycles even if the vorticity is not zero. As the vorticity increases, the wavelength lengthens. Most of the computations were performed with N = 3 0 1 .
In Tables 1 and 2 , we compare the numerical values of s, h/H and X/H with the analytical approximations (3.23), (3.25) and (3.24) for F = 5.5 and F = 2.35. Results for different values of N are listed to illustrate the accuracy of the results. All the calculations were done with the scheme satisfying (4.4). The results show that the agreement between analytical and numerical values improves as F increases. This is consistent with the fact that the amplitude of the waves decreases as F increases. Therefore the waves in the far field are described by the linear theory as F -> oo.
Typical computed nonlinear profiles are shown in Figures 1-3 . We note that the waves in Figure 3 are nonlinear gravity waves with sharp crests and broad troughs.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100012542
Finally let us comment on formula (3.23). It implies that for a fixed value of the Froude number F, positive vorticity decreases the steepness of the waves in the far field. This suggests that the generation of vorticity (for example by the boundary layers) might reduce the wave resistance.
